Exact solutions of effective radial Schrödinger equation are obtained for some inverse potentials by using the point canonical transformation. The energy eigenvalues and the corresponding wave functions are calculated by using a set of mass distributions PACS numbers: 03.65.−w 03.65.Ge 12.39.Fd
In quantum mechanics, exactly solvable problems are suited in the class having shape invariance potential. [1] The potential in a given class can be converted to one another by using the so-called point canonical transformation (PCT). [2] In the PCT approach, which makes it possible to construct a map between the wave equations written for two different potentials, it is needed to know the energy eigenvalues, and the corresponding wave functions of a given potential (reference potential U(x)) to obtain the energy spectra, and wave functions of the other potential (target potential V (x)). The PCT has been used by many authors [3−6] to find the energy spectrum, and their wave functions of some potentials in non-relativistic, and relativistic scheme.
Recently, there are some considerable efforts in the literature about the developments of the PCT approach to extend to the case of position-dependent mass (PDM) [2,7−13] and also the PDM formalism has found a wide application area in the literature. [14−18] In this Letter, we choose the potentials V (ρ) = − a ρ + cρ p (p = 0, −2) and V (ρ) = a ρ 2 + cρ 2 as the reference potential in the case of the radial effective-mass Schrödinger equation (SE), and find the exact energy eigenvalues, and their wave functions of the target potentials by using the PCT. We follow the approach studied in Ref. [2] where the radial effective mass SE was solved for isotropic oscillator. We try to show that the above mentioned formalism could be used for inversely linear and inversely quadratic potential forms.
The SE is written in the case of PDM (m 0 =h = 1)
and in the case of constant mass 1 2
where E n and φ n (x) are the eigenvalues and the eigenfunctions of the target potential, while ǫ n and ψ n (y) denote the eigenvalues, and the eigenfunctions of the reference potential.
By using the transformations
from Eq. (2) we obtain
where
and prime denotes the derivative to the spatial coordinate. If the following equalities are satisfied,
then the transformation given in Eqs. (3) and (4) is a point canonical transformation. [2] The function f (m(x); h(x)) in the above equation is given
Taking h ′ (x) = m(x) and defining the parameter σ(x) as σ(x) = 1 β h ′ (x)dx, we obtain the energy spectrum, the corresponding wave functions, and the target potential as
where the parameter β is the scale parameter. [2] Giving a PDM function and taking an exactly solvable reference potential U(y), we construct a PCT defined by Eqs. (3) and (4) and obtain a target potential, which can be used to solve the effective mass SE exactly, eigenvalues, and wave functions of the potential. Now, let us look the case of the radial effective-mass SE, which can be written as
where ℓ is the angular-momentum quantum number and the radial wave function is taken as Ψ nℓ (r) = φ nℓ (r)/r.
The radial SE for the case of constant mass reads
where ℓ ′ is the angular-momentum. By using the transformations
. (17) from Eq. (15) we obtain
Comparing with Eq. (14) gives π(r) = h ′ (r)/m(r) and the following
which gives the target potential V (r) and its energy eigenvalues E nℓ for a given radial effective mass function m(r).
[2]
A) Kratzer potential.
We consider the following form of the one-dimensional Kratzer potential
which has been extensively used to explain the molecular structure and interactions in quantum and molecular chemistry. [20] The energy eigenvalues and the corresponding wave functions of the reference potential U(y) are [21] ǫ nℓ ′ = − 2A
where 1 F 1 (−n; ̺; x) are the hypergeometric type function. Now, we give the explicit form of the target potentials and its wave functions for the following three different mass distributions.
(
and the target potential from Eq. (13) V (x) = θβ
where θ = A/β and we have set the potential parameter B as B = A 2 . The energy spectrum and the corresponding wave functions are written from Eqs. (11) and (12) as
The distribution corresponds to an asymptotically vanishing mass function. It gives σ(
. Therefore, we obtain the target potential
and the energy spectra and their wave functions are
where the normalization constant is A n = a 1/4 a n .
(3) Mass function m(x) = 1 + tanh(δ ′′ x) We obtain the following target potential, energy eigenvalues and the corresponding eigenfunctions for this case,
. It is seen that the Schrdinger equation can be exactly solved by using point canonical transformation in one-dimension.
(B) Family of power law plus inverse power potentials. We study the target potential and its energy eigenvalues, and wave functions for the following reference potentials in the form 
which describes a hydrogen atom with the energy eigenvalue E − c having the energy eigenvalues and corresponding wave functions,
ψ nℓ ′ (ρ) = a n ρ ℓ ′ +1 exp − a n + ℓ ′ + 1 ρ 1 F 1 (−n; 2ℓ ′ + 2; 2a
Taking the radial mass function m(r) = µr κ and the PCT function h(r) = r ν and inserting into Eq. (19), we obtain ; κ = −2, from Eq. (35) we obtain
where |L(ℓ)| = ∓ 1 κ+2 4ℓ(ℓ + 1) + (κ − 1) 2 and C is a real coupling parameter. From Eq. (17) we obtain corresponding wave functions
), and b n is a normalization constant.
(b) For the case of ν = κ+ 2; κ = −2, following the above procedure, we obtain the target potential, the eigenvalues and the eigenfunctions by taking into account the independence of a potential from any quantum number,
where b n is a normalization constant and C is the coupling parameter .
The particular case κ = −2 is solved by taking h(r) = 1 a ln(r) [2] to obtain the target potential. In that case the energy eigenvalues, and the corresponding wave functions only exist for the ground state. [2] We summarize the potential and the energy eigenvalues by using Eq. (19)
where |Λ(ℓ)| = ± 1 2 √ 1 + 4µC . The corresponding wave functions are
where η = (n + 1 2
The reference potential has the form
and the energy eigenvalues and the corresponding wave functions are listed as [22] 
ψ nℓ ′ (ρ) = a n exp [− a n + Λ + 1 ρ] 1 F 1 (−n; 2Λ + 2; 2a
where Λ = − ; κ = −2, the target potential and its energy spectrum are written as
where L(ℓ) = ∓ 
where b n is a normalization constant.
(b)For the case of ν = κ + 2; κ = −2, we list the target potential and the energy spectrum keeping in mind that any potential function must be independent from any quantum number
where L(ℓ) is given in (a). The corresponding wave functions are written as
Finally, we study the particular case where κ = −2 by taking h(r) = 1 a ln(r) . By using Eq. (19), we summarize the target potential and its energy eigenvalues as
√ 1 + 4µC. The corresponding wave functions are
The energy eigenvalues and corresponding wave functions of this potential can be written as [23] 
where δ = ; κ = −2,
where L(ℓ) = ∓ 1 κ+2 4ℓ(ℓ + 1) + (κ − 1) 2 − 2a(κ + 2) 2 , and the corresponding wave func- ; κ = −2, we give the target potential and its energy eigenvalues as
where 
Now, we proceed the particular case where κ = −2 as a last situation by taking h(r) = 
E nℓ = 2c µ 2 a 4 2n + 1 + |Γ(ℓ)| 2 + 2a − 9 8µ .
where Γ(ℓ) = ± 1 2 √ 1 + 8µΘ and Θ is a real coupling parameter. [2] The wave functions can be given as 
